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1. INTRODUCTION

For any nonnegative integer m, let 7Tm denote the collection of all real
polynomials of degree at most m, and for any nonnegative integers m and n,
let 7Tm ... denote the collection of all real rational functions rm ...(x) of the form

(1.1)where Pm E 7Tm and q.. E 7T...
Pm(X)

rm.,.(x) q..(x) ,

Recently, it was shown that Chebyshev rational approximations in 7Tm ... to
e-:e in [0, +00) for m ~ n converge geometrically. More precisely, define

m ~n. (1.2)

Then, for any sequence of nonnegative integers {m(n)}:~o with m(n) ~ n for
each n ;:;:: 0, it was shown in [2] that

(fJ ~ 0.43501), (1.3)

and that

(1.4)

* This research was supported in part by ABC Grant AT(l1-1)-2075.
t Dedicated to Professor Lothar Collatz on the occasion of his sixtieth birthday.
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It is natural to ask if results analogous to (1.3) and (1.4) are valid for
functions other than e-x, and the purpose of this paper is to establish such
analogs for reciprocals of entire functions of perfectly regular growth with
nonnegative coefficients.

2. ENTIRE FUNCTIONS OF PERFECTLY REGULAR GROWTH

Letf(z) = L;~o akzk be an entire function, and let Mf(r) = max'Zi";;r If(z)1
(0:(; r < 00).

DEFINITION. An entire function f is of perfectly regular growth (p, B)
(cf. Valiron [4], p. 45) iff there exist two (finite) positive constants p and B
such that

lim In Mf(r)fro = B.
r--"+oo

(2.1)

We remark that entire functions satisfying (2.1) are also entire functions
of order p andfinite type B (cf. Boas [1], p. 8).

Valiron [4], p.44 has shown thatf(z) = L':o akzk is an entire function
of perfectly regular growth (P, B) iff, given any e > 0, there exists an no(e)
such that

(2.2)

(2.3)

and there exists a sequence {np}:~l of positive integers with np -4- 00 as p -4- 00

and limp-,>oo(np+lfnp) = 1, such that

n Ia lolnp

lim p n
p = B.

p->ro pe

For our purposes, it is somewhat more convenient to express (2.2) and (2.3)
equivalently as

and

«k!) I ak lo)l /k < pB + e (2.4)

(2.5)

In what is to follow, we shall assume that fez) = L;-o akzk is an entire
function of perfectly regular growth (p, B), and in addition that ak ~ 0 for all
k ~O.
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3. UPPER BOUNDS FOR Am •n

Letf(z) = L;~o akzk be of perfectly regular growth (p, B) with nonnegative
coefficients ak and set sn(z) - L~~o akzk (n = 0, 1, ...). The first few partial
sums sn(z) may be identically zero, but as the coefficients ak are nonnegative
and not all zero, it follows that there exists a positive integer n* such that
0< sn(x) ~f(x) for all x> 0 and all n ;? n*. Thus

o :S::: _1 1__ f(x) - sn(x) :s::: L~+l akxk V x > 0, V *
'-":: sn(x) f(x) - f(x)' sn(x) '-":: sn2(x) n ;? n .

Given any e with °< e < pB, it follows from (2.4) that there exists an
n(e) ;? n* such that

(
(pB + e)k )1/0

o~ ak < k!

Then, a simple calculation shows that

for all 0 < x < ( ;B~2e to and for all n ;? n(e). Summing the above

geometric series gives

1 1 [(pB + e)n+1]1/0 (Xn+1 ) \ (n + 2)1/0 I
o ~ sn(x) - f(x) ~ (n + I)! . sn2(x) . I(n + 2)1/0 - (n + 1)1/0

(
n + 1 )1/0

V n ;? n(e), V 0 < x ~ pB + e . (3.1)

We now seek an inequality of the form

v x;? 0, (3.2)

holding for every n of the form 2np - 1. With the same e as before, it follows
from (2.4) and (2.5) that there exists ap1(e) ;? n* such that

and [
(pB + et ]110

an < ,n.

for n = 2np - 1, VP ;? P1(e). (3.3)
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Now, writing (sn(x»2 = L:::o {3i.nx1 where {3i.n == L~=O akai-k , we have that
(sn(x»)2 ?: (3n+l.nxn+l "Ix ?: O. With n = 2nfJ - 1 where P ?: Pl(E), it is clear
that

the last inequality following from (2k) lj(k !)2 ?: 22kj2k for all k ?: 1. If
we set

= [(pB - E)n+l]I/P. r_ 2n ]1/P
Kn (n + I)! Ln + I

(3.4)

then the inequality (3.2) is valid for all n = 2nfJ - 1 where P ?: Pl(E).
Replacing (SiX»2 in (3.1) by the lower bound of (3.2) thus gives

I I
o ~ sn(x) - I(x)

[(
pB + E ) l]n/p [( pB + E )1/P [ (n + 2)I/P ] t

~ pB-E 2 pB-E . (n+2)I/p_(n+l)l/p (n+l)l/p\

(3.5)
"In = 2nfJ - 1 withp?: P1(E), "10 < x ~ (n + IjpB + E)I/p.

Let x ?: (n + IjpB + E)l/P. Since n = 2np - 1, n ?: np , and consequently

Using the first inequality of (3.3), we have

1 1 ( pB + E np/p (nil!) 1/po :S: -- - -- :S:
"" six) I(x) "" pB - E ) ( (n + l)np) .

By Stirling's inequality k! ~ kke-k V27Tk(1 + Ij4k) and the fact that
n + I = 2np , we obtain

1 1
O~-----

sn(x) I(x)

~ [( pB + E) ._1]n/2P. \[( pB + E) ._1]1/2 V27Tn (1 + _1)!1/P
pB - E 2e I pB - E 2e 'P 4n p

(
n + 1 )1/P

"Ix?: pB + E • (3.6)
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A simple comparison of the upper bounds in (3.5) and (3.6) show that the
first is the larger for large p. Therefore, if

V n ~ ii,

then it follows, using (3.5), that

lim(g )1/(2np-1) ~ _1_
1'->00 2np-l "'"'" 21/0 •

To extend the result of (3.7), observe that

(3.7)

1 1 1 1o~----- ~-----
"'"'" Sm(x) f(x)"'"'" Sn(x) f(x)

vx > 0, Vm ~ n ~ n*.

Thus, from the definition of gn , it follows that

V m ~ n ~ n*. (3.8)

For any positive integer n sufficiently large, choose an n:p so that
2n:p - 1 ~ n < 2n:p+l - 1. From (3.8), we have that

Since g2n -1 is, from (3.7), less than unity for p sufficiently large, replacing n
p

in the exponent of the above expression by 2n:p+1 - 1 gives

but as lim:p->oo(n:p+1/n:p) = 1, it easily follows from (3.7) that

-1'- l/n ~ 1Imgn "'"'" -21 / .
n-HO P

To establish a stronger result than (3.9), we have

(3.9)

vx > 0, V n ~ n*.

With n + 1 = n:p , we have from (3.3) that

V x > 0, P ~ Pl(E),
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and it is clear from (2.1) that there exists an R1(e) > 0 such that
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f(x) < e(B+</p)'XP

Hence,

1 1 l(pB - e)n+l/1/p xn+l
sn(x) - f(x) > (n + 1)! \ . e2<B+</p)'XP'

n + 1 = np , p ~ h(e), x > R1(e).

Ifwe evaluate the right side of the last inequality at x = {(n + 1)/2(PB + e)p/p,
which is compatible with x > R1(e) if n is sufficiently large, we obtain

l(PB - e)n+l/l/p \ n + 1 !<n+ll/pg > . e(n+ll/p
n (n + 1)! I I 2(pB + e) .

Hence, it readily follows that

lim(g )11(np-l) ::> _1__ np-l ::0- 21/ p '
p ....oo

Then, using the same method which established (3.9) from (3.7), one proves
that

(3.10)

Thus, combining with (3.9) gives

THEOREM 1. Let f(z) be an entire function of perfectly regular growth
(p, B) with nonnegative coefficients. Then,

If we define

. ( I 1 1 I)l/n 1hm sup ----- =-
n->oo O<x,<oo sn(x) f(x) 21 / p

'
(3.11)

(3.12)

the error for the best Chebyshev rational approximation of l/f(x) in [0, + (0),
then it is clear that

'if n ~ n*. (3.13)
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Thus, from (3.11) and (3.13), we have the following generalization of (1.3):

THEOREM 2. Let f(z) be an entire function of perfectly regular growth
(P, B) with nonnegative coefficients. Then, for any sequence {m(n)}:~o of
nonnegative integers with m(n) :(; n for all n ~ 0,

(3.14)

It is not likely that the constant 2-1 / p appearing in (3.14) is best possible for
the class ofentire functions of perfectly regular growth (p, B) with nonnegative
coefficients, since the rational functions ljsn(x) used to establish (3.11)
obviously do not have the equi-oscillation of error property of best Chebyshev
rational approximations. In particular, for the special case f(z) = eZ

, we
know from (1.3) that strict inequality holds in (3.14).

Since the case where f(O) = 0 has not been ruled out, it is also worth
noting that the above theorems are applicable to entire functions f(z) for
which ljf(x) is unbounded on (0, 00), such as f(z) = zmezn

, m > 0, f(z) =
sinh(zn), and f(z) = Jiiz), n > 0, the n-th order Bessel function.

4. LOWER BOUNDS FOR Amon

For entire functions of perfectly regular growth with nonnegative coef­
ficients, we now establish the existence of a positive lower bound (cf. (4.1» for
the quantity limn->oo(Ao.n)l/n, thereby generalizing (1.4).

of perfectly regular growthTHEOREM 3. Let f(z) be an entire function
(P, B) with nonnegative coefficients. Then,

-1'-(' )1/ 1
n~~ /lo.n n ~ 22+1/p . (4.1)

Proof For anyE > 0, there exists, from (2.1). an R(E) > 0 such that

M,(r) .:( e rPB(!+.)

Since the coefficients of f(z) are nonnegative,

o :(;f(x) :(;f(r) = M,(r) :(; erPB(!+<l

Next, associated with the positive number

o :(; x :(; r, 'r/ r ~ R(E). (4.2)
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there is a positive integer n*(E) such that ani / p ~ R(E) for all n ~ n*(E). Thus,
from (4.2) with r = anl /

p
, we have from the definition of a that

(4.3)

Next, let q be any positive number such that

lim(Ao,n)l/n < Ilq·
n~·X)

(4.4)

Then there exists a positive integer ii such that Aoon ~ Ilqn for all n ~ ii. This
implies that there exists a sequence of polynomials {Pn(X)}:~ii , with Pn E 7Tn ,
for which

(4.5)V n ~ n.I
I I I I

o<~~p+oo Pn(x) - I(x) ~ qn

But, from (3.14), it is clear that we can restrict our attention to those q which
are ~21/p. Because of this and the fact that el / 2 < 2, it is possible to choose
E > 0 so small that

Vn ~ 1.

Hence, from (4.3), we have that

I(x) < qn (4.6)

Next, using (4.5), it follows that

-j2(x) 12(x)
qn _ I(x) ~ Pn(X) - I(x) ~ qn - I(x) ,

where n== max(ii, n*(E», and thus, from (4.6),

j2(x)
IPn(x) - I (x) I ~ qn - I(x)

Because the right side of the above inequality is monotone increasing with x,
we can write, from (4.3),

en(l+<l/p
IPn(X) - l(x)1 ~ qn _ enll+<l/2p 0 ~ x ~ anl

/
p
, Vn ~ n. (4.7)

Now, let

Vn ~ o. (4.8)

According to (4.7), we evidently have

enll+<l/p
K ~-----n "" qn _ en(l+<l/2p Vn ~ n. (4.9)
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In order to get a lower bound for Kn , we transform the interval [0, OOll/p]

into the interval [-1, +1] by means of the linear transformation

The function

OI.n1/p

x = -2-(t + 1), -1 ~ t ~ 1.

IOI.nl/p I
get) ==f -2-(t+ 1)\

is also an entire function of t. All derivatives of get) are monotone increasing
for t? -1 because of the assumption that the coefficients of fez) are
nonnegative. Using a theorem of8. Bernstein (cf. [3], p. 78), we can assert that

or equivalently,

'tI n? 0,

Comparing (4.9) with (4.10), we have

OI.n+1n(n+ll/p • an+
1

22n+l
'tI n ? O. (4.10)

'tin? n. (4.11)

In order to make the left side of the above inequality as large as possible, we
make use of (2.3). A simple manipulation of the expression in (2.3) shows that
there exists a subsequence {nk};'~l of {I, 2,oo.} such that for 0 < € < 1, there
is a positive integer k 1(€) for which

For this subsequence, the left side of (4.11) is bounded below by

Hence, from (4.11), we have that

(4.12)
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where r == 2[e(l - t")]l/p/22+1/p. Clearly, the above inequality can hold for all
nk sufficiently large only if

and as t" is arbitrary,

(4.13)

But then, as l/q in (4.4) can be chosen arbitrarily close to limn->oo(Ao.n)l/n, we
have the desired result (4.1). Q.E.D.

We remark that for entire function of perfectly regular growth (1, B) with
nonnegative coefficients, the lower bound of (4.1) is 1/8. For the special case
f(z) = eZ, it has been shown in [2] by using better lower bounds for Kn that
1/6 is a lower bound for limn->oo(Ao.n)l/n.
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